Abstract. The 90 o problem of cosmic ray transport theory is revisited in this article. By using standard forms of the wave spectrum in the solar wind, the pitchangle Fokker-Planck coefficient and the parallel mean free path are computed for different resonance functions. A critical comparison is made of the strength of 90 o scattering due to plasma wave effects, to dynamical turbulence effects, and due to nonlinear effects. It is demonstrated that, only for low energy cosmic particles, dynamical effects are usually dominant. The novel results presented here are essential for an effective comparison of heliospheric observations for the parallel mean free path with theoretical model results.
Introduction
Parallel and perpendicular mean free paths of cosmic rays interacting with the solar wind plasma can be deduced from observations (see e.g. Palmer 1982 ). In several previous papers, quasilinear theory (QLT, Jokipii 1966 ) has been used in combination with different turbulence models to explain these measurements (e.g. Bieber et al. 1994 , Shalchi et al. 2006) . It is well known that a quasilinear description fails if the perpendicular mean free path is calculated. Even more unclear is the validity of quasilinear theory (Jokipii 1966 ) if parallel transport of charged particles is described. In addition to the 90 o scattering problem, which is discussed in the current paper, one more open problem regarding the coupling among pitch-angle and perpendicular scattering is the so-called geometry problem; see e.g. . In the calculations presented in this paper, we have employed a slab geometry for the magnetic turbulence, so the geometry problem doesn't occur.
The parallel mean free path λ is related to the pitch-angle Fokker-Planck coefficient via (e.g. Jokipii 1966 , Hasselmann & Wibberenz 1968 , Earl 1974 
where we have defined the pitch-angle Fokker-Planck coefficient
and the pitch-angle cosine µ = v /v. Soon after QLT was proposed, it was discussed in several papers that the theory might be inappropriate because of its inaccuracy close to 90 o (µ = 0) if the parameter D µµ is calculated (e.g. Völk 1973 , Jones et al.
The 90 o -problem of scattering theory revisited 2 1973, Owens 1974 , Völk 1975 , Goldstein 1976 , Jones et al. 1978 . For magnetostatic turbulence it can easily be demonstrated that D µµ (0) = 0. For steep wavespectra, this results in an infinitely large parallel mean free path. Two improvements have been proposed to prevent the parallel mean free path from becoming infinitely large: (i) The magnetostatic model can be replaced by a plasmawave or dynamical turbulence model; (ii) The quasilinear approach can be replaced by a nonlinear transport theory. In both cases the new effects lead to resonance broadening and thus to non-vanishing pitch-angle scattering at 90 o . Whereas the first approach does not really solve the problem (improved turbulence effects can only prevent the parallel mean free path from becoming infinitely large) the second one shows reasonable agreement with testparticle simulations (see e.g. Shalchi 2005 ). However, by combining certain models for dynamical turbulence effects with QLT, it has been possible to successfully reproduce heliospheric observations of the parallel mean free path (see e.g. Bieber et al. 1994 , Shalchi et al. 2006 ). In the current paper we present a rigorous comparison between plasmawave effects, dynamical turbulence effects, and nonlinear effects, to trace the influence of these effects on the parameter D µµ .
Pitch-angle diffusion in the slab model
The pitch-angle Fokker-Planck coefficient can be calculated by combining Eq. (2) with the parallel component of the equation of motioṅ
Here we have used the Larmor radius R L , the mean field B 0 , and the turbulent magnetic field components δB i . This equation is valid if there are no turbulent electric fields (δE i = 0) and if there is no parallel component of the turbulent magnetic field (δB z = 0). The quasilinear approach is defined by the replacements
on the right hand side of Eq. (3). Here we used the unperturbed particle trajectory
and the unperturbed particle velocity v
(5) By combining Eq. (2) with Eq. (3) and by introducing the correlation functions
we find
The 90 o -problem of scattering theory revisited 3
where we used R xy = R yx = 0; here Re · denotes the real part of the quantity (·) following to the right. The latter assumption is correct for slab turbulence which is considered here. By applying a Fourier transformation
assuming homogenous turbulence
and applying the slab turbulence model
we obtain
where we used the wave spectrum g slab (k ). Furthermore, we have assumed the same temporal behaviour for all components of the correlation tensor
In Eq. (12) we introduced the dynamical correlation function Γ( k, t). To proceed, we can set the initial gyrophase equal to zero (Φ 0 = 0), due to the assumption of axisymmetric turbulence. With Eqs. (7) and (11) we find
with the resonance function
and with the resonance condition β n = k vµ + nΩ. For the wave spectrum, we adopt an analytic form which is in agreement with observed spectra (see e.g. Bieber et al. 1994 )
Here we have used the normalization constant C(ν) = Γ(ν)/(2 √ πΓ(ν − 1/2)), the bendover-scale l slab , the strength of the turbulent fields δB 2 and the inertial-range spectral index 2ν. The parameter k d,slab indicates the dissipation wavenumber and p is the dissipation-range spectral index.
Different forms of the resonance function
As shown in Section 4, the resonance function R slab n (k ) is the key-input for pitchangle diffusion to be described theoretically. In the following, we shall review and discuss different forms of R slab n (k ).
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Standard Quasilinear Theory
The magnetostatic slab model in combination with QLT is often referred to as the Standard QLT (SQLT). In the magnetostatic model we have by definition Γ( k, t) = 1 and thus R SQLT n (k ) = πδ(k vµ + nΩ). 
Undamped plasma waves
A prominent model is the plasmawave model which is extensively discussed in Schlickeiser 2002 . In this model the dynamical correlation function has the form Γ P W ( k, t) = e iωt−γt .
Here ω is the plasmawave dispersion relation, whereas γ desribes plasmawave damping. If plasmawave damping is neglected, we have Γ P W ( k, t) = e iωt and the dynamical correlation function is a purely oscillating function. In the current paper we assume shear Alfvénic turbulence and therefore ω = jv A k , with the Alfvén speed v A . The parameter j is used to track the wave direction (j = +1 is used for forward and j = −1 for backward with respect to the ambient magnetic field propagating Alfvén waves). In this case the resonance function has the form R
which is no longer equal to zero; compare (20) to (17).
The damping model of dynamical turbulence
One of the first authors who discussed particle transport in dynamical turbulence were Bieber et al. 1994 . In their paper the authors proposed two models for the dynamical correlation function. One of these models is the so-called damping model of dynamical turbulence (DT-model) where we have Here v A is again the Alfvén speed and α is a dimensionless parameter which allows to adjust the strength of the dynamical effects, ranging from α = 0 (magnetostatic turbulence) to α = 1 (strongly dynamical turbulence). Bieber et al. 1994 also suggested that the parameter α could be interpreted as δB/B 0 . In this case the correlation time scale t c becomes comparable to the eddy turnover time. Also decorrelation effects related to plasma wave damping (see e.g. Schlickeiser & Achatz 1993) can be achieved by expressing α through parameters such as the plasma β. The resonance function in the DT-model is a Breit-Wigner type resonance function
In this paper we examine only the case of strong dynamical turbulence where we have α = 1.
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The random sweeping model
Bieber et al. 1994 also proposed the so-called random-sweeping model (RS-model) where the dynamical correlation function has a Gaussian form instead of the exponential used in the DT-model
Therefore the resonance function also has a Gaussian form
Second order QLT
The previous models have been derived for a quasilinear description of particle transport. However, to reproduce test particle simulations performed in the magnetostatic slab model, nonlinear effects have to be introduced. Shalchi 2005 proposed a second-order approach to achieve resonance broadening due to the improved treatment of particle orbits. One advantage of Second order QLT (SOQLT) is that the QLT formula for pitch-angle scattering, i.e. Eq. (13), can be used upon replacing the linear resonance function by the second order function
where we used the time-dependent quasilinear pitch-angel Fokker-Planck coefficient D µµ (τ )) has to be known in order to determine the second order resonance function. A general evaluation of this quantity is difficult due to obvious analytical tractability problems. Therefore, we discuss two limits of the parameter D 
This result is very similar to the formulas derived within the DT-model and the RSmodel. However, in these two models resonance broadening occurs due to dynamical turbulence effects which are described by the factor 2αv A k , whereas in the nonlinear and second-order theories resonance broadening comes from the improved treatment of particle trajectories described by the factor vk δB/B 0 . Within the STA (small time approximation) we approximate
to find (see in Appendix A for details)
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As demonstrated in appendix B, Eq. (29) can be approximated by
with
Comparison among different effects
To simplify the evaluation of the different formulas given in the last section it is convenient to introduce the following dimensionless parameters:
For this parameter set and by applying the integral transformation x = l slab k , Eq. (13) can be written as
with the dimensionless spectrum
The resonance function (in the respective cases, indicated by appropriate superscripts) may now take one of the following forms:
The 90 
In the following, we shall compute the dimensionless pitch-angle Fokker-Planck coefficient and the parallel mean free path as a function of R for the following values of the turbulence parameters:
letting the parameter R 0 in Eq. (33) to take the value R 0 = 9.2 · 10 −5 for electrons and R 0 = 0.169 for protons. We perform our calculations for 10 −6 ≤ R ≤ 10 +2 where R is the dimensionless rigidity defined in Eq. (33).
Comparison with test-particle simulations

In Shalchi 2005 a detailed comparison between results obtained within the 90
o -LTA and the test-particle simulations of Qin 2002 is presented. In Fig. 1 we additionally compare the STA with simulations and previous results. As shown, the STA approximation is much more accurate at 90 o . However, the STA clearly overestimates the nonlinear effect and thus pitch-angle diffusion for larger values of the parameter µ. Thus, it must be subject of future work to find improved analytical approximations for SOQLT which are valid for all pitch-angles. In the following
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Pitch angle scattering at 90 o
In Figure 2 we depict the dimensionless pitch-angle Fokker-Planck coefficientD µµ (0) as a function of the dimensionless rigidity R at 90 o obtained within the various models for protons. Within magnetostatic QLT we haveD µµ (0) = 0. If we start at high rigidities and merge to smaller values of R, we find an increasing strength of pitch-angle scattering. For nearly all values of R the nonlinear (or second-order) pitch-angle Fokker-Planck coefficient is larger than the coefficients obtained within the other approaches. Thus, we conclude that nonlinear effects are the strongest effects for most rigidity values. Only for very small values of R does the dynamical turbulence effect exceed the strength of nonlinear effects. In this cases nonlinear effects seem to be negligibly small within dynamical turbulence. In Fig. 3 the results for electrons are shown. Here the nonlinear effects are always dominant. A quasilinear description seems not to be appropriate.
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The parallel mean free paths
By using the parameters of Eq. (33) we can rewrite Eq. (1) for the parallel mfp as
In combination with Eq. (34) the parallel mean free path can easily be calculated numerically for the different forms of the resonance function. The results for protons are shown in Fig. 4 . For large rigidities (R > 1), all results are practically the same. For medium rigidities the nonlinear results are slightly smaller than the dynamical turbulence effects. For very small values of R, however, we clearly find that dynamical effects are dominant. The parallel mean free paths for electrons are shown in Fig. 5 . In this case, the nonlinear parallel mean free paths are always smaller than the results obtained for dynamical turbulence.
Particle transport in two-component turbulence
So far we considered the slab model to calculateD µµ (0) and λ for different models. More realistic as the slab model is the two-component model where we consider a superposition of a slab model and a 2D model (in this model the wavevectors are directed perpendicular to the mean field B 0 ). As demonstrated previously (see e.g., For R > R 0 the particles are in the relativistic and for R < R 0 in the nonrelativistic regime. For = 1 the particle velocity is equal to the Alfvén speed, and for R = ξ −1 the particle's Larmor-Radius is equal to the invers dissipation wavenumber. Notice that triangle and square symbols were employed as a guide to the eye, to distinguish the overlapping curves 4 (RS model) and 5 (PW model). For R > R 0 the particles are in the relativistic and for R < R 0 in the nonrelativistic regime. For = 1 the particle velocity is equal to the Alfvén speed, and for R = ξ −1 the particle's Larmor-Radius is equal to the invers dissipation wavenumber. 
The second-order pitch-angle Fokker-Planck coefficient at 90 o becomes a factor 5 smaller if we merge from pure slab to 20% slab / 80% 2D model. Thus for improved turbulence models the nonlinear effect as described by SOQLT becomes weaker and the dynamical turbulence effects become more important within the two-component model.
Summary and conclusion
In this paper we revisited the 90 o -problem of cosmic ray scattering theory. In the past two different approaches have been proposed. By replacing the magnetostatic model by a dynamical turbulence or plasmawave model one can obtain non-vanishing scattering at 90 o . The second possibility to achieve non vanishing scattering at 90 o is the improved treatment of particle orbits resulting in a nonlinear diffusion theory. In this paper we applied the second-order QLT (SOQLT) of Shalchi (2005) for two different mathematical approximations to reproduce test-particle simulations (see Fig. 1 ). Whereas nonlinear effects are essential to reproduce simulations, dynamical turbulence effects have been used in the past to explain heliospheric observations or parallel mean free paths (see e.g. Bieber et al. 1994 , Shalchi et al. 2006 ). The main purpose of this paper is to explore which of the considered effects is dominant. By comparing pitch-angle scattering at 90 o (see Figs. 2 and 3 ) and parallel mean free paths (see Figs. 3 and 4) , we come to the following conclusions:
• For protons and electrons and high rigidities (R > 1) all results are similar. In this case the standard QLT is a good approximation.
• For medium values of R the nonlinear effect is slightly stronger than dynamical turbulence effects.
• For protons and small rigidities the dynamical turbulence effects are stronger than nonlinear effects. Obviously QLT in combination with dynamical turbulence is a good approximation • For electrons the nonlinear effects are always dominant. QLT is not appropriate for these particles
• If we merge from pure slab geometry to slab/2D composite turbulence the nonlinear effect becomes a factor 5 smaller. Thus for slab/2D turbulence and small rigidities QLT becomes more reliable for dynamical turbulence.
In the current paper we applied two approximations to simplify the second-order pitchangle Fokker-Planck coefficient. It is quite unclear how reliable these approximations are. Although they can be used to reproduce certain test-particle simulations (see Fig. 1 ), it is not known how accurate the approximations are for the parameter set considered in the current paper (Eq. (38)). Problematic are the results for electrons (4): The nonlinear effects seem to be stronger for all considered values of R. However, as shown in previous articles (e.g. Bieber et al. 1994 , Shalchi et al. 2006 ) the electron mean free paths agree very well with solar wind observations with QLT and dynamical turbulence models. It must be subject of future work to explore this problem. One possibility is that SOQLT overestimates the nonlinear effect. Another reason is that the turbulence parameters used so far could be inaccurate. Thus, further test-particle simulations have to be performed to test SOQLT also for very small particle energies.
(A.1)
The 90 o -problem of scattering theory revisited 13
and with β ± = k vµ ± Ω. In the following we discuss two approximations to simplify these equations. 
where we used
The justification for this approximation is as follows: QLT is assumed to be correct for µ = 0. In this case however the corrections described by SOQLT are quite small due to the dominant gyroresonant interaction and can therefore be neglected. For µ = 0 however, the corrections to the unperturbed orbit are essential. Thus we need an approximation for σ 2 z (t, µ) which is accurate at 90 o . These requirements are fulfilled within the 90 o -approximation. Within LTA (large time approximation) this function can further be approximated by taking the limit Ωt 1 and we obtain We define the STA (small time approximation) through
Then Eq. (A.2) becomes
With Eq. (A.5) we finally obtain
In the main part of this paper (see e.g. Fig 1) this new result is compared with the 90 o -LTA and test-particle simulations.
The 90 For m = 0 we find a delta function
for m = 1 a Breit-Wigner type resonance function
and for m = 2 a Gaussian function
For larger values of m the resonance function must be expressed by generalized hypergeometric functions. Such forms of the resonance function are difficult to apply, therefore a more simple approach should be considered. We proceed by assuming that the resonance function is approximately equal to zero except for very small values of the parameter β. Then we can use
and the resonance function can be written as
If the condition β ρ m α with
is fulfilled, we find
In the other case (β ρ m α) we assume that the resonance function is small, so that we can apply the approximation
In Table 1 we provide a list of different values for m.
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and by applying the 2D model
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(C.6) To proceed we apply QLT where we replace v i (t) in Eq. (C.6) and x i (t) in Eq. (C.5) by the unperturbed orbit (see Eqs. (4) and (5) and α ± = (n ± 1)Ω the deviation (Eq. C.11) can be written as
(C.14)
As for the slab contribution we may consider different mathematical approximations to simplify this equation.
Appendix C.1. The deviation for small rigidities
Here we consider Eq. (C.14) in the limit of small rigidities (R → 0). With J 2 n (0) = δ n,0 and by using which also has the same form as the slab result (see Eq. (A.9)).
